22 Ne may be an important source of gravitational energy during the cooling of white dwarf stars. This depends on the diffusion constant for 22 Ne in strongly coupled plasma mixtures. We calculate self-diffusion constants Di from molecular dynamics simulations of carbon, oxygen, and neon mixtures. We find that Di in a mixture does not differ greatly from earlier one component plasma results. For strong coupling (coulomb parameter Γ > few), Di has a modest dependence on the charge Zi of the ion species, Di ∝ Z −2/3 i . However Di depends more strongly on Zi for weak coupling (smaller Γ). We conclude that the self-diffusion constant DNe for 22 Ne in carbon, oxygen, and neon plasma mixtures is accurately known so that uncertainties in DNe should be unimportant for simulations of white dwarf cooling.
I. INTRODUCTION
Observations of cooling white dwarf (WD) stars provide important ways to date stellar systems [1] . White dwarf cooling involves simple physics because the energy from nuclear reactions is modest. However, chemical energy from the latent heat of fusion and gravitational energy from sedimentation can be important. Understanding these additional energy sources may allow more accurate stellar dates, see for example [2] , and provide additional information on the interior composition of WDs [3] .
The interior of a WD is a coulomb plasma of ions and a degenerate electron gas. As the star cools this plasma crystallizes. Winget et al. recently observed effects from the latent heat of crystallization on the luminosity function of WDs in the globular cluster NGC 6397 [4] . Winget et al.'s observations constrain the melting temperature of the carbon and oxygen mixtures expected in these WD cores. This temperature depends on the ratio of carbon to oxygen. Therefore observations of crystallization may provide information on WD composition.
The ratio of carbon to oxygen in WD stars is very interesting. It depends on the rate for the reaction 12 C(α, γ) 16 O. Despite a great deal of effort, see for example [5] , the stellar rate for this reaction remains one of the most important unsettled rates left in Nuclear Astrophysics [6] . Furthermore, the ratio of carbon to oxygen in massive stars is important for their subsequent evolution and nucleosynthesis [7] . Therefore, a measurement of the carbon to oxygen ratio in a WD could be very important.
To determine the C/O ratio from observations of the melting temperature, one needs the phase diagram for * Electronic address: jhughto@indiana.edu † Electronic address: horowit@indiana.edu carbon and oxygen mixtures. Recently, we determined this phase diagram using molecular dynamics simulations and concluded that, if the melting temperature is close to that for pure carbon, then the central oxygen fraction by mass of the carbon/oxygen WDs in NGC 6397 is less than about 64 % [3] . Note that the interior of WDs can also be probed with astro-seismology, see for example ref. [8] . Sedimentation of 22 Ne could provide an additional energy source during WD cooling [9, 10] . Much of the carbon, nitrogen, and oxygen, originally present in the star, is converted by nuclear reactions into 22 Ne. This neutron rich isotope, with 12 neutrons and 10 protons, has a larger mass to charge ratio than 12 C or 16 O. As a result it will sink in the strong gravitational field of the star and release gravitational energy. Recently, Garcia-Berro et al. [11] studied the effects of 22 Ne on WD evolution. Sedimentation could be most important in very metal rich stars that have more 22 Ne. Both the release of latent heat from crystallization and gravitational energy from sedimentation can delay WD cooling. Garcia-Berro et al. [2] can explain the long 8 Gyr age for the metal rich open star cluster NGC 6791 by including both crystallization and sedimentation. Furthermore, it may be possible to separate these two effects by comparing observations of metal rich systems such as NGC 6791 to less metal rich systems such as NGC 6397 where sedimentation should be unimportant.
Sedimentation depends on the diffusion constant D for 22 Ne ions in strongly coupled plasma mixtures. There have been previous calculations of D, starting with the MD simulations of Hansen et al. for the one component plasma (OCP) [12] . The one component plasma consists of ions, with pure coulomb interactions, and an inert neutralizing background charge density. Diffusion in the OCP in a strong magnetic field was considered by Bernu [13] . Hansen et al. have also calculated diffusion for binary mixtures [14] .
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Diffusion for a Yukawa fluid has been simulated by Robbins et al. [15] and Ohta et al. [16] . In a Yukawa fluid ions interact via a screened coulomb potential v ij (r),
for two ions with charges Z i and Z j , that are separated by a distance r. The OCP is equivalent to a Yukawa fluid, where all of the ions have the same charge and the screening length λ is very large. The motion of carbon, oxygen, and neon ions in a WD is largely classical because of their large masses. However, at great densities there could be some quantum corrections that might increase D. These have been estimated by Daligault and Murillo [17] , in a semiclassical model, and found to be very small. Instead, these authors argue that accurate classical simulations of diffusion coefficients in strongly coupled mixtures with impurities would be useful for WD cooling. These diffusion coefficients would also be useful to describe sedimentation in neutron stars, see for example [18] .
In this paper, we present classical MD simulations of carbon, oxygen, and neon plasma mixtures in order to determine diffusion coefficients D. Our results are more accurate than previous work because we explicitly simulate mixtures with realistic WD compositions. In Section II we describe our MD formalism and present results for diffusion coefficents in Section III. We conclude in Section IV.
II. FORMALISM
We describe our MD simulation formalism. This is similar to what we used earlier to simulate the carbon/ oxygen phase diagram in ref. [3] . We consider a three component mixture of carbon ( 12 C), oxygen ( 16 O), and neon ( 22 Ne), were the neon is assumed to have a small concentration. A star with near solar metallicity, that has most of its original carbon, nitrogen, and oxygen converted into 22 Ne, might have of order 2% 22 Ne. The ratio of carbon to oxygen in the WD core depends on the rates for the 4 He(2α, γ) 12 C and 12 C(α, γ) 16 O reactions and is expected to be near one to one, see for example [3, 20] . Therefore in this paper we present simulations using a mixture of 49% 12 C, 49% 16 O, and 2% 22 Ne, by number. We expect our results for the Ne self-diffusion coefficient to be nearly independent of 22 Ne concentration, as long as it is small. Likewise we do not expect much dependence of D Ne on the ratio of carbon to oxygen. In addition to this three component mixture, we also present results for a one component system of pure oxygen for comparison.
The ions are assumed to interact via screened Yukawa interactions, see Eq. 1. The Thomas Fermi screening length λ, for cold relativistic electrons, is λ
2 n e ) 1/3 and α is the fine structure constant.
The electron density n e is equal to the ion charge density, n e = Z n, where n is the ion density and Z is the average charge. Our simulations are classical and we have neglected the electron mass (extreme relativistic limit). This is to be consistent with our previous work on neutron stars. However, the electron mass is important at the lower densities in WD and this may change our results slightly [21] . Also quantum effects could play some role at high densities [22] , [23] . For relativistic electrons, the ratio of λ to the ion sphere radius a,
depends only on the average charge Z . For our three component mixture we use λ = 2.816a, while for pure oxygen, we use λ = 2.703a. For nonrelativistic electrons λ/a can be somewhat smaller. In Sec. III we find that our results for diffusion constants D are insensitive to a fifty percent decrease in λ.
The simulations can be characterized by an average coulomb parameter Γ,
Here Z 5/3 is an average over the ion charges, T is the temperature, and the electron sphere radius a e is a e = (3/4πn e ) 1/3 with n e = Z n the electron density. The pure system freezes near Γ = 175 [21] while the C/O/Ne mixture is expected to freeze at a somewhat higher Γ [3, 24] . Note that these values of Γ may depend slightly on λ [21, 25] .
Time can be measured in our simulations in units of one over the plasma frequency ω p . Long wavelength fluctuations in the charge density can undergo oscillations at the plasma frequency. This depends on the ion charge Z and mass M . For mixtures we define a hydrodynamical plasma frequencyω p from the simple averages of Z and
Note that other choices for the average over composition in Eq. 4 are possible. However, they are expected to give very similar results for the average plasma frequency. Self diffusion constants D i , for ions of type i, are calculated from the velocity autocorrelation function Z i (t),
where the average is over all ions j of a given type and over initial times t 0 . The velocity of the jth ion at time t is v j (t). The diffusion constant is calculated from the time integral of Z i (t),
We find that Z i (t) is small by a maximum time of t max = 220/ω p .
We start our MD simulations from a random configuration at a relatively high temperature so that Γ ≈ 1. We evolve the system in time using the simple velocity Verlet algorithm [26] with a time step ∆t = 1/18ω p . We use periodic boundary conditions. We do not use a cutoff in the interaction at large distances and evaluate the force on a given ion by summing over all of the other ions in the simulation. We test for finite size effects by performing simulations for N = 3456, 8192, and 27648 ions. Our largest simulation volume is large enough so that one half of the box length L is much larger than the electron screening length λ, L/2 = 8.65λ. We approximately maintain the system at a given temperature by simply rescaling the velocities every 10 time steps. Typically we equilibrate the system by evolving for a time 2200/ω p . Then we take data for an additional time of 2200/ω p by writing the velocities to disk every 1/9ω p (two time steps). Next we rescale the velocities to a lower temperature and repeat the equilibration and data taking steps for the next higher value of Γ. We present results for Z i (t) and D i in Section III
III. RESULTS
We now present results for the velocity autocorrelation function Z i (t) and diffusion constant D i , first for a mixture of carbon, oxygen, and neon and then for a pure oxygen system. Fig. 1 shows the velocity autocorrelation function for 22 Ne from a simulation with N = 8192 ions. The velocity autocorrelation function oscillates with frequency nearω p and the amplitude of these oscillations increases with Γ. Note that at Γ = 244 the system is still in a (possibly metastable) fluid state.
In Fig. 2 we show Z i (t) for i = 12 C, 16 O, and 22 Ne ions. The difference in Z i for different ions is subtle. We see that Z i (t) at t near 5/ω p is more negative for 12 C than for 22 Ne. Perhaps the lighter carbon ions bounce backwards from the confining cage of other ions with a more negative velocity than do neon ions. These subtle differences in Fig. 2 , along with the explicit factor of 1/M i in Eq. 6, lead to differences in diffusion constants for different ions.
We choose to scale our diffusion results with Hansen et al's simple fit to their original MD results for the diffusion constant D 0 of a one component plasma [12] .
Note that we have generalized ref. [12] results to a multicomponent system by using the average plasma frequencȳ ω p in Eq. 7. In Table I and Fig. 3 we present our MD simulation results for D i /D 0 . We see that Eq. 7 is indeed a reasonable first approximation to D i and our results only differ from this by about 50% or less. Finite size effects appear to be modest with 3456 ion simulation results being below 8192 or 27648 ion results by only a few %. In general there is good agreement between 8192 and 27648 ion results. However, our results for 22 Ne have larger statistical errors than for 12 C or 16 O because there are fewer 22 Ne ions in our simulations, since its abundance is assumed to be only 2%. We test the sensitivity of our results to the screening length λ by running a 27648 ion C, O, Ne system with a fifty percent smaller λ. We find at Γ = 9.75 that diffusion constants D i only increase by two percent or less.
The dependence of D i on ion species is very interesting. The 12 C, 16 O, and 22 Ne results in Fig. 3 are nearly parallel, for Γ > few, and depend on the ion charge Z i approximately as Z −2/3 i . In general, D i depends on both the mass and the charge of the ion. However, since the ions in our simulations have similar charge to mass ratios we do not separate out these two effects and the observed Z −2/3 i dependance includes both effects. We can approximately fit all of the results in Fig. 3 with Γ > 5 with a simple expression,
This Eq. is shown as dotted lines in Fig. 3 . For weak coupling (small Γ) the dependance of D i on Z i is stronger. In the limit of very weak coupling, D i may be related to a mean free path which depends on one over an interaction cross section. In Born approximation this cross section scales as Z 2 i and gives a D i that depends more strongly on Z i than Z −2/3 i . We illustrate this by plotting the same data of Fig. 3 but as a function of 1/Γ instead of Γ in order to show the low Γ data more clearly. We see that D i /D 0 increases for 12 C for small Γ in a way that is not described by Eq. 8. Indeed Fig. 4 shows that D i depends more strongly on Z i than Eq. 8 for small Γ.
Finally we also perform MD simulations for a one component system of pure 16 O in order to compare to our multicomponent results. Results for MD simulations with 8192 and 27648 ions are shown in Table II .
The ratio of Eq. 9 to Eq. 7 is very similar in form to 
IV. CONCLUSIONS
Sedimentation of the neutron rich isotope 22 Ne may be an important source of gravitational energy during the cooling of white dwarf stars. This depends on the diffusion constant for 22 Ne in strongly coupled plasma mixtures. We have calculated self-diffusion constants D i from molecular dynamics simulations of carbon, oxygen, and neon mixtures.
We find that, for strong coupling (coulomb parameter Γ > few), D i has a modest dependence on the charge Z i of the ion species, D i ∝ Z −2/3 i . However D i depends more strongly on Z i for weak coupling (smaller Γ). Our results for both a carbon, oxygen, neon mixture, and for a one component plasma can be fit by, 
for Γ > few, see Eqs 8, 7 . Hereω p is the average plasma frequency and a is the ion sphere radius. We conclude that the self-diffusion constant D N e for 22 Ne in carbon, oxygen plasma mixtures is accurately known so that uncertainties in D N e should be unimportant for simulations of white dwarf cooling.
All of our diffusion results have been for the liquid phase. We are not aware of any results for D i in solids. Often D i is arbitrarily assumed to be zero for a solid. In future work we will simulate D i in the solid phase, both for single component and multicomponent systems.
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